We explore a collapsing cosmology driven by a scalar field which is minimally coupled to gravity in a spatially flat and spherically symmetric, isotropic and homogeneous space-time, with a variable timescale that avoid the final singularity. The equation of state that describes the collapse is ω = 1. We calculate the back-reaction of the space-time during the collapse and the energy density fluctuations related to this back-reaction has a spectral index n s = 0, favouring short-wavelengths modes to be detected. The interesting is that the amplitude of these fluctuations increase with time when the collapse is sufficiently strong. *
I. INTRODUCTION AND MOTIVATION
Moreover, the seminal work of Oppenheimer and Snyder [1] , the study of the evolution of a scalar field is of particular interest in a gravitational collapse as well as cosmological contexts when the spherical symmetry is preserved. One of the major mechanisms for which scalar fields are thought to be responsible is the inflationary scenario [2] , or quintessential cosmological models [3] , where the pressure P , related to some scalar field φ is negative, and governed by the potential energy density: P =φ 2 
2
− V (φ). Furthermore, a scalar field with a variety of potential can mimic the evolution of many kinds of matter with spherically symmetric distributions [4] . Many exact solutions were found to describe the collapse [5] , but it is not known how the final singularity can be avoided in the final state when we describe the dynamical evolution of a gravitational collapse.
On the other hand, it is expected that during the collapse of a star, or some spherically symmetric region of the universe, the space-time back-reaction suffered by the space-time is important enough to be detected, at least at sufficiently small distances, because, due to the sphericity of the source (i.e., the collapsing system), the wave emitted must be a spherical wave of space-time. These back-reaction effects cannot be considered in a linear approximation when we are in presence of strong gravitational fields [6] . Therefore we must use a non-perturbative formalism in which these effects can be described without approximations.
The aim of this work is to describe dynamically a collapse driven by a scalar field that can avoid the final singularity. To do it we must consider a co-moving system using a FriedmannRobertson-Walker (FRW) metric, but with a variable time-scale, which will be responsible for describing the relativistic temporal evolution of a co-moving clock with the collapse.
The relativistic behavior of the time should very important to describe the breaking of the collapse when it is in its final stage.
The paper is organized as follows: in Sect. II we develop the model of the collapse driven by a scalar field on a background metric with the variable timescale, we revisit the minimum action principle with boundary conditions incorporated and the description of these effects on the background metric. In Sect. III we describe the model of the collapse in a particular example where the final singularity is avoided. Finally, in Sect. IV we develop some final comments.
II. THE MODEL OF COLLAPSE, WITH VARIABLE TIMESCALE.
We shall suppose that the timescale of the collapse is not constant, so that, a spatially flat, isotropic and homogeneous collapsing universe, can be represented by a line element
which describes the background of the collapse. Here, h(t) < 0 is the collapse rate parameter on the background metric and Γ(t) describes the time scale of the background metric. In this paper, we shall consider natural units so that c = = 1. In order to describe a collapse, we shall consider the action for a scalar field φ which is minimally coupled to gravity 1 . If its dynamics is governed by a scalar potential V (φ), the action can be written as
where the volume of the background manifold isv =
action (2) can be rewritten as
that can be considered as an action for a minimally coupled to gravity scalar field on a ef-
and an effective scalar curvatureR =R e −2 Γ(t) dt .
A. background dynamics
The effective volume of the background manifold in (
The dynamics of the scalar field φ is given bÿ
The background Einstein equations, are
where P = φ2 2 −V (φ) e 2 Γ(t) dt is the pressure and ρ = φ2 2 +V (φ) e 2 Γ(t) dt the energy density due to the scalar field. In a collapsing system, the pressure will be negative, but the kinetic component of the energy density will be significative during the evolution of the system. The equation of state that describes the dynamics of the system is:
From the physical point of view, if we consider a co-moving frame where U 0 = ± g 00 and U j = 0, such that j can take the values j = 1, 2, 3, the relativistic velocity,
, will describe the rate of time suffered by a relativistic observer which is falling with the collapse of the system. Notice that the velocity will always hold the expression:
B. The back-reaction with variable time-scale
If we deal with an orthogonal base, the curvature tensor will be written in terms of the connections:
To describe exact back-reaction effects, we shall consider Relativistic Quantum Geometry (RQG), introduced in [6] . In this formalism, the manifold is defined with the connections
where δΓ α βγ = σ αĝ βγ takes into account the displacement of the Weylian manifold [7] with respect to the Riemannian background, which is described by the Levi-Civita symbols in (9).
In our approach, σ(x α ) is a scalar field and the covariant derivative of the metric tensor in the Riemannian background manifold is null (we denote with a semicolon the Riemanniancovariant derivative): ∆g αβ = g αβ;γ dx γ = 0. However, the Weylian covariant derivative [7] on the manifold generated by (9) is nonzero: g αβ|γ = σ γ g αβ . From the action's point of view, the scalar field σ(x α ) is a generic geometrical transformation that leaves invariant the 2 To simplify the notation we denote σ α ≡ σ ,α .
action [6]
Hence, Weylian quantities will be varied over these quantities in a semi-Riemannian manifold so that the dynamics of the system preserves the action: δI = 0, and we obtain
where δσ = σ µ dx µ is an exact differential andv = √ −ĝ e 2 Γ(t) dt is the volume of the Riemannian manifold, such that the volume the varied system isv = √ −ĝ e 2 Γ(t) dt e −2σ . Of course, all the variations are in the Weylian geometrical representation and assure us gauge invariance because δI = 0. The Ricci tensor in the extended manifoldR αβ , is related with the Ricci tensor in the Riemann manifoldR αβ , by the expression
so that both representations of the scalar curvature, are related bȳ
The Einstein tensor can be written as
where we have made use of the fact that the connections are symmetric.
From the point of view of the Weylian-like manifold: Λ ≡ Λ(σ, σ α ) can be considered a functional [6] , given by
Therefore, a geometrical quantum action on the Weylian-like manifold with (25), by defining the Lagrangian density L = − 2 3κ
Λ(σ, σ α ):
such that the dynamics of the geometrical field is given by the Euler-Lagrange equations, after imposing δW = 0.
The dynamics of the back-reaction is described by the equation
The geometrical scalar field σ is expressed in terms of a Fourier expansion
with creation and annihilation operators A † k and A k , that comply with the algebra
When time-scale is variable, the metric with back-reaction effects included results to be
where the background scale factor a(t) will be given by (24). Notice that its volume is described by (20), isv = √ −ĝ e 2 Γ(t) dt e −2σ = a 3 0 e 3 h(t)dt e Γ(t)dt e −2σ . The relativistic quantum algebra is given by the expressionŝ
where U 0 = e Γ(t)dt , U i = 0, are the relativistic velocities on the Riemannian (background) manifold so that they are calculated using the geodesic equation with Levi-Civita connections
Furthermore, as calculated in a previous work [8] , the variation of the energy density fluctuations is
where
III. AN EXAMPLE
We consider the case where the collapse rate parameter h(t) =ȧ/a and the function that characterizes the time scale Γ(t), are
where the scale of the system (can be the scale factor of the universe or the ratio of a collapsing sphere), is
such that t 0 and a 0 are respectively the initial values for t and a. For p > 0 values, it is expected that lim t→∞ a(t) → 0. It is expected that p > 0, in order to h(t) < 0, because we are dealing with a contracting system. The background dynamics are given by the Einstein equations (5, 6) , with the scalar field dynamics (4) . From the Einstein equations, we can
so that, by choosing the positive root in (25), we obtaiṅ
The temporal evolution for the scalar field and the potential written in terms of the scalar field, are:
Since δV δφ ≡˙Vφ , using the expressions (23) in Eq. (4), we obtain the condition
Since we are interested in studying a collapse with an equation of state that describes deceleration in order to the collapse can stop, we must consider values with p > 0 in order to h(t) < 0. The solutions for α are given by the roots of (30):
from which it is easy to see that α ≥ 1. The equation of state that describes the collapse [see eq. (7)], is
Since the time velocity in the action (2) is given by the expression:
co-moving system, the value with α > 0 corresponds to a U 0 that increases with t, so that the time is accelerated
for t ≥ t 0 . However, after the mapping this velocity becomes unitary in the action (3), and the background volumev = √ −ĝ 3 of the Riemann manifold of this action, is:
which corresponds to a 4d-volume that increases with time. The equation of motion for the modes ξ k (t) in the expansion (18), is
Sometimes it is useful rewrite the equation (35), for the redefined modes ξ k (t) =
t −1 dt , so thatψ
where the (k, t)-squared frequency is
Notice that ω 2 (k, t) > 0, so that the system is always stable.
Therefore, the solutions of ξ k (t) will be periodic, but with a frequency that decreases with t. Using the commutation relation (19) and the Fourier expansions (18) in
with canonical momentum: Π α = δLq δσ α = − ω = 1 with a spectral index: n s = 0, which favors the detection on wavelengths with size λ ≪ a 0 , smaller than the initial size of the collapsing ball.
We got two important results the first one is that the co-moving relativistic observer never reaches the center of the sphere, because the physical time evolution dτ = U 0 dx 0 = √ g 00 dx 0 = t t 0
−(3p+1)
dt [see eq. (33)], decelerates for a co-moving observer which falls with the collapse. And the second one is that the amplitude of the energy density fluctuations increases with time for abrupt collapses. Of course, the model would be more realistic if the collapse were considered as inhomogeneous. This case will be deal in a future work.
